Abstract: Optoelectronic oscillators (OEOs) are hybrid RF-photonic oscillators that promise to be environmentally robust frequency sources with very low phase noise. Recent experiments have shown that the excess flicker phase noise in these systems grows with the length of the optical fiber loop. In this paper, we detail a mechanism for this lengthdependent flicker noise in which Rayleigh-scattering-induced amplitude noise in the optical fiber combines with amplitude-to-phase noise conversion in the nonlinear electronic components. We derive an analytic model of the loop noise that includes these effects and verify this model by comparing it to numerical calculations and experimental results.
Introduction
Optical fiber-length-dependent flicker phase noise has been identified as a major limit to the reduction of phase noise in optoelectronic oscillators (OEOs) [1] . Due to the increase in the system Q as the length of the optical fiber is increased, the radio-frequency (RF) phase noise of an OEO should decrease with increasing fiber length; however, in some experimental systems, this expected decrease is not observed at lower frequencies. Similar effects have been observed in the duplex transfer of frequencies over optical fiber [2] , [3] . The low-frequency phase noise is a critical measure of the stability of oscillators; therefore, identifying the sources of this effect and mitigating them is important to increase the performance of OEOs and other RF photonic systems that use long lengths of optical fiber.
Sources of flicker noise in the RF components of the system have been extensively studied [4] , [5] . By contrast, flicker noise that comes from the optical parts of the system have only recently been investigated. A principal source of flicker noise that can affect the OEO performance is the laser; it has been demonstrated experimentally that laser frequency noise can convert directly to RF phase noise via the fiber dispersion [6] and that laser relative intensity noise (RIN) can be converted through amplitude-to-phase (AM-PM) conversion in the photodetector to RF phase noise [7] . In addition, laser frequency noise can be converted to RF phase noise scattering from endfaces, splices, and imperfections in the optical fiber [7] , [8] .
OEOs have noise sources in both the electronic and optical domains. The noise sources that we consider here include the shot noise in the photodetector, the thermal noise in the amplifier, the laser frequency and RIN, and the Rayleigh-scattering-induced amplitude noise in the optical fiber. The phase noise in the loop is due to the direct contribution of the phase noise sources and the indirect contribution of amplitude noise that is converted to phase noise in the RF domain. The largest noise source in the OEO at any frequency will depend on the exact specifications of different components used in the loop. While the dominant noise source will change, there will be a contribution from all noise sources.
To demonstrate this claim, and to show the relative contribution of different sources of phase noise in our system, we have developed a system-level model of the OEO. This system model includes an empirical model for the Rayleigh-scattering-induced RIN noise in the optical fiber, a nonlinear model for the RF domain AM-PM conversion in the photodetector and RF amplifiers, and a noise model for the amplitude and phase noise in the OEO due to these effects.
Saleh Model for a Saturable Nonlinearity
Complex component-level models for RF amplifiers exist, but they are highly complex as even the simplest amplifier consists of many components with many sources of nonlinearity. These complex models would not be appropriate for modeling the OEO, even if we had available a detailed component-level design, and we do not. We therefore model the nonlinear components each with a multi-element Saleh model that includes both saturable amplification and an AM-PM response. The Saleh model was originally developed to model traveling wave tube amplifiers [18] but is now also used to model solid state power amplifiers [20] . In this paper, we model both the RF amplifier bank and the photodetector.
To model complex nonlinear responses, we concatenate multiple Saleh elements. Each additional element adds parameters and increases the complexity of the response that can be modeled. Each individual Saleh element corresponds to a simple canonical nonlinear response with a saturation power and phase response. A multi-element Saleh model can therefore be considered to be built up from individual Saleh elements in the same manner as the Sellmeier expansion of the material dispersion is built up from a sum of individual Lorentzian models. While single-element Saleh models have been used for a long time in the RF community, multi-element Saleh models have not been widely used. We will show that two-element Saleh models have sufficient complexity to model the OEO's response to noise at the operating point of the OEO. These models also have the benefit that they can be used for input powers over many decades. Other models such as a complex power series have no physical interpretation, and the gain response diverges outside a small range of input powers [20] .
We model the RF oscillation in the OEO as a voltage phasor v ðt Þ. The real RF output voltage in the loop oscillating at the frequency ! 0 is then v RF ðt Þ ¼ v ðt Þexpðj! 0 t Þ þ c.c. The phasor including Fig. 1 . Schematic of all the basic components of an OEO, including the laser, the EOM, the optical fiber, the photodetector (PD), the RF amplifier, and the RF filter. The noise sources associated with each component are indicated.
both amplitude noise ðt Þ and phase noise ðt Þ is then written as
Representing the relative amplitude noise at the input to any component as in ðtÞ and the output amplitude noise as out ðt Þ, we can write the effect of gain compression as
where am is the AM-AM conversion coefficient. The output phase noise is the sum of the input phase noise and the phase noise converted from amplitude noise by AM-PM conversion, which may be written as
where pm is the AM-PM conversion coefficient. The linearized parameters am and pm are calculated by linearizing the response about the largesignal operating voltage v 0 . For a general nonlinear gain response given by Gðv Þ, we find
where G 0 ðv Þ ¼ dG=dv . We note that the AM-PM conversion coefficient pm ðv Þ can be directly related to the voltage-dependent phase response of the component ðv Þ that is also used to measure AM-PM conversion [19] 
In the following sections, we review the single-and multiple-element Saleh models.
Single-Element Saleh Model
The complex gain of a single-element Saleh model is given by the equation [20] Gðv
where v is the magnitude of the input voltage to the component, G 0 is the small-signal gain, c is the phase coefficient, and u ð1Þ and u ð2Þ are related to the saturation voltage of the model. In this paper, we have set u ¼ u ð1Þ ¼ u ð2Þ , which is the saturation voltage. Now, using (6) and (4), the AM-AM and AM-PM conversion coefficients for the Saleh model are given by
The Saleh model of (6) can be parameterized by the phase coefficient c. The response of the model changes qualitatively for different values of c. The magnitude of the gain jGðv Þj decreases monotonically for c 2 G 2, whereas for c 2 9 2, the gain peaks at v ¼ u=ð1 À 2c 2 Þ before decreasing. The output voltage peaks at v ¼ uð1 À 1=c 2 Þ when c 2 G 1=2, and conversely, when c 2 ! 1=2, the output voltage increases monotonically. We plot the the normalized gain and the normalized output voltage in these three regions in Fig. 2. 
Multiple-Element Saleh Models
A multi-element Saleh model can be written compactly as
where G 0 is the small-signal gain. The gain of the individual elements is given by
and the magnitude of the intermediate voltages at the input of each element is given by
where we define v 1 ¼ v as the input voltage. Each extra element of the chained system adds two parameters, namely, the phase response and the nonlinear saturation voltage. The gain at each stage combines with the saturation voltage of the next stage, so that only the gain of the final component is an independent parameter. The general expression for the AM-AM and AM-PM coefficients of the multi-element model of (8) is given by
where am;k and pm;k are the AM-AM and AM-PM coefficients of the k th element and can be calculated from the element gain G ðk Þ m using (7). The formula of (11) can be intuitively understood. The amplitude fluctuation at the output of an element in the system affects the gain of the next element in the chain. The phase fluctuation at the output of an element adds directly to the signal as the gain response is only affected by the magnitude of the input signal.
In the case of a two-element system, the concatenated system has three normalized parameters that govern the qualitative behavior of the response, namely, c 1 , the normalized phase parameter from the first component; c 2 , the normalized phase parameter from the second component; and u 2 , the saturation voltage of the second component.
To illustrate the behavior of the two-element model, we define normalized voltages
whereṽ 1 ¼ jv j=u 1 is the normalized input voltage. We show the normalized output voltage versus the normalized input voltage for different values of the saturation voltage u 2 in Fig. 3 . Typically, the gain response of a series of concatenated components is governed by the component with the lowest saturation voltage, as that component will saturate before the others. We illustrate this behavior for our two-component system. The case that the saturation voltage of the second component is much greater than the saturation voltage of the first component, i.e., u 2 ) u 1 , is shown in Fig. 3 (a), whereas the case that the saturation voltage of the second component is much less than that for the first component, i.e., u 2 ( u 1 , is shown in Fig. 3(b) . The figures show the response over a range of input voltages up to 10 times the smallest saturation voltage of all components. While the gain response is determined by the component with the smallest saturation voltage, the phase is considerably changed with the addition of the second component, and in particular, there can be a point where the derivative of the phase is zero. In addition, the system phase response is independent of the saturation of the second component and is identical, apart from the axis scale, for both cases, as shown in Fig. 3 (c) and (d).
The total AM-AM and AM-PM conversion for the two-component system can be calculated using (4) and (8) , which gives the AM-AM and AM-PM coefficients as
(13b) 
where the subscripts 1 and 2 indicate the parameters of the first and second Saleh elements in the chain. We can simplify this expression assuming that c 1 and c 2 are small and of the same order; we expand (13b) to first order in c 1 and
where we have used the approximate expressionṽ 2 ' 1=ð1 þṽ 2 1 Þv 1 =u 2 . We can then solve this expression to find the normalized input voltage, where there is zero AM-PM conversion, i.e., pm ¼ 0, to obtainṽ
Here, we see that there exists a voltage where the AM-PM coefficient for the two-component system is zero when c 1 9 0 and c 2 G Àc 1 u 2 or c 2 9 8c 1 u 2 and, similarly, when c 1 G 0 and c 2 9 Àc 1 u 2 or c 2 G 8c 1 u 2 . However, (15) only holds for small c 1 and c 2 ; for larger phase coefficients, we need to solve pm ðv 0 Þ ¼ 0 numerically using the original equation (13b).
In Fig. 4 , we show the AM-AM and AM-PM response of systems in one of two sets of operating conditions. The first set is where the second component saturates at a much lower voltage than the first, i.e., u 1 ( 1, and the second set is where the second component saturates at a higher voltage than the first, i.e., u 1 ) 1. In the first model, we used u 1 ¼ 0:1, and in the second, u 1 ¼ 2, as was the case for the results in Fig. 3 . The AM-PM coefficient does not depend on the saturation voltage of the second component, and therefore, the entire AM-PM response and the location of the AM-PM zero can be changed by the phase of the second component independently of the gain response.
Higher order multi-element models can be constructed. Both the gain and phase responses become increasingly more complicated, but nonetheless, the Saleh models remain tractable as individual elements and can be considered as such. In addition, they have a well-controlled amplitude and phase response over many decades of input power and can be chosen to fit experimental data very well.
Results
In this section, we describe the OEO loop model that we use to model our OEO, including the scattering noise. We give an empirical model for the PSD of the scattering-induced amplitude noise. We measure the complex gain response of the photodetector and the RF amplifier bank, calculate the AM-AM and AM-PM responses, and fit these to a multi-element Saleh model. Finally, we calculate the loop phase noise with the scattering noise and show the reduction that could be expected when the scattering-induced amplitude noise is removed. In addition, we design an AM-PM canceling element to be placed before the amplifier block with a simple phase response that significantly reduces the loop AM-PM at the operating point of the OEO. This cancelling element is a single-element Saleh response with a specific phase coefficient.
Scattering-Induced Amplitude Noise
Recent experimental measurements show that the close-in amplitude noise of an optical signal after propagating through fiber is much greater than the RIN noise of the laser and has a shape characteristic of a Rayleigh scattering process [9] . The PSD of the measured scattering noise does not fit well a summation of powers of f . We have found that a good match to the experimentally measured PSD is given by the sum of a two f noise sources, one of which is multiplied by a factor representing the frequency response of Rayleigh scattering
where i and c i with i ¼ 1; 2 are the exponents and strengths of the noise sources, respectively; and À is the bandwidth of the Rayleigh scattering process. The experimental PSD for the amplitude noise measured after 6 km of a single-mode fiber (SMF) using a DFB laser light source, along with the theoretical PSD using (16) , is shown in Fig. 5 . We also show the fitted analytic PSD given in (16) using the values of the parameters given in Table 1 .
AM-PM Conversion in the Photodiode and the RF Amplifier
Both the photodetector and the RF amplifier are complicated devices and have many nonlinear processes that determine the magnitude and phase response. In modeling them, we only attempt to Fig. 5 . Comparison of the experimentally measured and modeled PSD after 6 km of propagation, using (16) and the parameters in Table 1 . In addition, shown is the laser RIN that was measured before propagation through an optical fiber.
capture the first-order behavior of the components, in particular, the saturation power and the same magnitude of AM-PM conversion.
We now use the concatenated Saleh model from the previous section to model the measured gain and phase response of the photodetector used in the OEO, a Discovery Semiconductor DSC30. To measure the phase response, a 1.55-m laser was AM modulated at 10 GHz with close to 100% modulation, and the output of the photodetector was attached to a network analyzer. The phase of the output RF signal of the photodiode was measured at bias voltages of 4, 6, and 8 V. The slope of this phase versus power graph can be used to estimate the AM-PM coefficient using (5) .
We model the photodiode with an empirical model of the nonlinear responsivity of the photodetector
where P opt is the optical power. This nonlinear responsivity is a two-element Saleh model, which is given by
where
The parameters used were 0 ¼ 0:7, c 1 ¼ 0:73, c 2 ¼ 1:75, and P sat ¼ 0:01 W. We can match the experimentally measured AM-AM and AM-PM coefficients above approximately 2 mW, as shown in Fig. 6 . The AM-AM coefficient diverges in the measured data below 2 mW as the measured gain decreases. However, this effect would increase the relative noise level by up to 10%, which is well within the expected error of our estimate of the system parameters. The phase response of the three AML3 low noise 10-GHz power amplifiers used in our OEO configuration has been measured by applying a 10-GHz RF signal to the input of the RF amplifier block. A network analyzer attached to the output of the three amplifiers was used to record the gain and phase versus the RF input power. The responses of these real devices have a complicated phase response. The local slope of the phase response tends to become steeper as the device is driven further into saturation, and the AM-PM conversion of these devices is large when the devices are operated well into saturation. RF amplifiers are often designed to have minimal AM-PM conversion for low input powers; however, in our oscillator, the amplifier is used to control the oscillator amplitude and is therefore in saturation at the operating point. Hence, the AM-PM coefficient of the amplifier is large.
We do not attempt to exactly fit the complex phase response of the real amplifier; instead, we choose the coefficients of a single Saleh model that matches the order of magnitude response of the experimental data in the range of typical input powers of the experimental system, from 7 to 15 mV. This range of input voltages to the amplifier was found to be consistent with the experimental system. The three-element Saleh model for the gain response of the amplifier bank is given by (8) and (9) Fig. 7 . The AM-PM response closely matches the experimental system over the range of input voltages of interest. The AM-AM response is more complicated, and the Saleh model does not fit this response as well; however, the AM-AM response governs the loop gain of the amplitude noise and does not contribute to the close-in phase noise of the system.
OEO Loop Model
We can now model the single OEO loop in Fig. 1 with three nonlinear components, namely, the EOM, the photodiode, and the RF amplifier. The EOM is modeled by the following equation giving the effective fundamental optical power at the input of the photodiode [12] :
where V ¼ 5 V is the half-wave voltage, V B ¼ 5 V is the bias voltage, ¼ 0:65 is the modulation depth, and v is the input voltage to the modulator. The frequency response of the loop is assumed to be given by the filter, which has the smallest bandwidth of all components in the loop. We take this frequency response to be a Lorentzian with the same bandwidth as the filter. The specific frequency response of the filter is not critical to the low frequency noise of the loop [14] . The filter frequency response is given by
where À ¼ 10 6 Hz is the bandwidth of the filter. The OEO in Fig. 1 was studied both numerically, using the computational model of Levy et al. [14] , and analytically, using the theoretical model of [11] . To model the amplitude and phase noise in the oscillator, the small perturbations in phase and amplitude form separate linear loops that interact by only AM-PM conversion. The amplitude and phase noise of the loop can now be written as 
where pd am and amp am are the AM-AM conversion coefficients of the photodiode and the amplifier, respectively. The AM-AM coefficients of the multi-element Saleh models used to model the photodetector and the amplifier are calculated using (11) .
Similarly, the effective phase noise into the loop ðeffÞ in includes a contribution from thermal noise t and from the laser frequency noise LFN , as well as from scattering noise converted to phase noise by AM-PM in the photodetector and the amplifier
where pd pm and amp pm are the AM-PM conversions in the photodetector and the amplifier, respectively. The AM-AM coefficient for the modulator, which is the same as the small-signal gain compression given in [12] , is
where J 0 1 ðx Þ ¼ dJ 1 ðx Þ=dx is the derivative of the Bessel function. The scattering noise is modeled by a source with the PSD given by (16) . The thermal noise source of the amplifier and the shot noise of the photodetector are modeled as a white noise source with a power spectral density of 4 Â 10 À18 W/Hz. We assume that the thermal noise is split into amplitude noise t and phase noise t equally. Additional noise sources included are the lengthindependent flicker noise as calculated in [13] and the laser frequency noise converted to RF phase noise as calculated in [21] . The optical fiber is modeled as a delay and a loss corresponding to a length of 6 km, taking a loss of 0.2 dB/km. The loss in the RF components is lumped into a loss before the modulator and adjusted to give a specific small-signal loop gain.
The results of the loop model are shown in Fig. 9 , using both the analytical formulation given by (22) , which is indicated by the solid lines, and a computational model, which is indicated by the dots. The scattering-induced amplitude noise and the AM-PM conversion give a large contribution to the phase noise of the OEO, as can be seen when the scattering noise was removed from the model. In that case, the phase noise drops by around 30 dB at 10 Hz. The next highest source of phase noise in our system was the conversion of laser frequency noise to RF phase noise by dispersion.
This source of phase noise can be compared with the measured phase noise in our OEO system at 6 km, as shown in Fig. 10 . The phase noise was measured in a single-loop OEO system using a cross-correlation photonic delay line measurement system [22] . The phase noise level is similar for both the experimental and theoretical systems. The phase noise in the experimental system is somewhat higher at 10 Hz than in our theoretical model. We note that the experimental measurements given are the single-sideband power spectral density. We have therefore plotted the theoretical results as single-sideband measurements to match.
We now demonstrate a theoretical system in which we introduce a compensating nonlinear element before the RF amplifier, as shown in Fig. 1 . This element is designed to cancel the AM-PM conversion of the loop at the operating point of the amplifier. The compensating element has a unity small-signal gain and a saturation voltage much larger than the saturation of the amplifier and therefore does not change the gain characteristics of the loop. The gain of this compensating element is given by the single-element Saleh component of (6) with G 0 ¼ 1, c ¼ À1:2, and u ¼ 0:1 V. To calculate the amplitude and phase noise of the loop, we use (22) and replace the 
The compensating element parameters were chosen to minimize the second equation near the operating point of the OEO, which we take to be the point where the small-signal loop gain is given by G loop ¼ 2:3. The resulting AM-AM and AM-PM coefficients as functions of the small-signal loop gain with and without the compensating element are plotted in Fig. 8 . We see that the AM-PM is reduced significantly over a wide operating range when the compensating element is introduced. We plot the resulting PSD of the amplitude noise of the OEO loop in Fig. 11 (a) and the phase noise in Fig. 11(b) . This figure shows the noise PSD plotted both from the analytical expressions of (22) and using a numerical simulation of the loop by the method given in Levy et al. [14] with a very careful treatment of the gain saturation as described by Rubiola and Brendel [11] . This figure shows that the amplitude noise of the loop is unchanged by the introduction of the compensating element. This result can be compared to the case shown in Fig. 9(a) when the scattering noise source was removed; in this case, the amplitude noise dropped considerably. The phase noise, however, is reduced by around 20 dB. The compensating element will only cancel the phase noise of the loop if the coefficient can be accurately matched to the gain and phase response of the amplifier. However, a mismatch in the parameters of the compensating element under 10% can still result in a considerable reduction in the phase noise in the loop in our system. The effect on phase noise of the compensating element with a change in the phase parameter of 10% is shown in Fig. 11 .
Conclusion
We have systematically modeled our experimental OEO loop numerically and theoretically including the effects of experimentally-measured scattering noise through the optical fiber and AM-PM conversion in the photodetector and the amplifier. We demonstrated that the scattering-induced amplitude noise and the AM-PM conversion are the largest contributors to the phase noise in our system for frequencies below 10 kHz. We note for different OEO configurations that the balance of noise sources could be different and the scattering-induced noise may not be the dominant noise source. This has been demonstrated in another system where the frequency noise of the laser, which was converted to RF phase noise by fiber dispersion, was shown to dominate [6] .
We showed that we can use multiple-element Saleh models to fit the experimentally measured amplitude and phase response of our photodetector and amplifiers over a wide range of powers using two-and three-element models, respectively. This allows an investigation of the nonlinear dynamical effects of the model in addition to the study of the linearized noise response of the system at the operating point. In addition, the Saleh models are useful for both analytical modeling and numerical simulation as their parameters have a direct physical interpretation.
We demonstrated that a simple nonlinear phase compensating element can be designed to null the AM-PM conversion of the amplifier over a large operating range of the OEO and theoretically gives the same phase noise reduction as does removing the scattering-induced amplitude noise source from the loop. A 10% mismatch in the parameters of this compensating element still results in a reduction in phase noise at 10 Hz of 20 dB. We note that designing an actual electronic device that gives the desired nonlinear response is also not straightforward. The benefit of the Saleh model compensator is that it models a simple saturable nonlinearity with single saturation power. Thus, it should be more straightforward to fabricate a physical device using standard components to match a Saleh compensator than it would be for an arbitrary AM-PM response.
